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Supplmentary Figure S1: Nonlinear model of closed time-like curve. In the model of closed time-like curves considered in Red4, B6],
a chronology-respecting systefinitially in a stater, interacts with a second systes, which travels back in time according to a unitary
U. This model can be represented in our formalism by an “uriphi/sprocess matrix, i.e. one for which probabilities da sBam up to one.



SUPPLEMENTARY METHODS

Formal derivation of the causal inequality

A causal structure (for instance, space-time) is a set aftdweations equipped with a partial ordering relatiothat defines
the possible causal relations between events at thes@lesalf A andB are two such locationgy < Breads ‘Ais in thecausal
pastof B”, or equivalently, ‘B is in thecausal futureof A” (e.g. if AandB are space-time point#, < B corresponds té being
in the past light cone oB). Operationally, ifA < B, an agent aA cansignalto an agent aB by encoding information in events
at A that get correlated with events Btwhich the other agent can observe. (Formally, signalliognfA to B is the existence
of statistical correlations between a random variabl& athich can be chosen freely, and another random variabie &y
definition, a freely chosen variable is one that can be catedlonly with variables in its causal future. Note that alffehosen
variable is an idealization since the result of a coin tosargr other candidate for a freely chosen variable may be ledeck
with initial conditions in the past or with space-like seqtad events, but these correlations are ignored as noareléy the
variables of interest.) The fact that the relatiris a partial order means that it satisfies the following ctods: 1)A < A
(reflexivity); 2) if A < BandB < C, thenA < C (transitivity); and 3) ifA < BandB < A, thenA = B (antisymmetry). The
last condition says that i and B are two diferent locations, there can either be signalling frAro B, or vice versa, but no
signalling in both directions is possible (i.e. there arecagsal loops). 1A is notin the causal past d3, we will write A £ B.
Note that in a causal structure both# B andB £ A may hold (as in the case whénandB are space-like separated), and at
least one of the twusthold for A # B. We will denote the situation where both£ B andB £ A hold by A £# B.

Since every event specifies an event location, we will useénee notation directly for events. For instanceX éindY are
two events such that the locationXfis in the causal past of the locationdfwe will write X <Y (similarly for £ and£#).

The main events in our communication task are the systenesiegtAlice’s and Bob’s laboratories, which we will denote
by A; andB;, respectively, and the parties producing the bjtb, b’, x, andy, which we will denote by the same letters as the
corresponding bits. The fact that Alice generates tha bitd produces her guesafterthe system enters her laboratory means
thatA; < a,y. Similarly, we haveB; < b/, b, .

The assumptions behind the causal inequality are:

Causal structurdCS—The events\, By, a, b, b’, X, y are localized in a causal structure.

Free choice(FC)—Each of the bitsa, b, andb’ can only be correlated with events in its causal future (tbiscerns only
events relevant to the task). We assume also that each oftétk@mvalues 0 or 1 with probability 2.

Closed laboratorie$CL)—x can be correlated with only if b < A;, andy can be correlated wita only if a < B;.

We want to show that these assumptions imply

1 1 3
Psucc= ép(x = b|b, = O)"‘ ép(y = alb, = 1) < Z (Sl)

for the success probability that Alice and Bob can achievaéir task.

First, notice that assumptidfC implies that the bitg, b, andb’ are independent of each oth€@Sis assumed throughout).
Indeed, there are two general ways in which the three bitkldmicorrelated—two of them are correlated with each othelew
the third one is independent, or each of them is correlatddtive other two. In the first case, the free-choice assumptiplies
that the two correlated bits would have to be in each othersal pasts, which is impossible. In the second case, eable of
bits would have to be in the causal past of the other two, wisielgain impossible. Hence, the bits are uncorrelated.

Next, consider the following three possibilities that caréalized in a causal structu@gis assumed throughoutdy < By,

B: < A1, A1 £# Bs. Since these possibilities are mutually exclusive and estize, their probabilities satisfg(A; < Bi) +
p(B1 < A1) + p(A1 £# B1) = 1. From assumptioRC it follows that the bitsa, b, andb’ are independent of which of these
possibilities is realized. To see this, consider for ins&hi. SinceB; < b, we have thab’ must be independent of wheth&y
takes place in the causal past®for not, i.e. p(A; < B1|b’) = p(Ar < By). Similarly, b’ must be independent of wheth#&y
takes place in the larger region which is a complement of élusal future oB;, which impliesp(B; £ Aq|b’) = p(B1 £ A7). But
P(B1 £ Adll’) = p(Aq < Balb') + p(As £#£ BallY') = p(Ar < B1)+ p(Ar £ Balb'), while p(By £ A1) = p(Ar < B1)+p(Ar £% By),
which impliesp(Ar £# Bib’) = p(Ar £# By). Finally, sincep(A; < Bilb’) + p(Ar £# Bilb’) + p(By < A1lb’) = p(Ar <
B1) + p(A1 £# B1) + p(B1 < Aqlb’) = 1 = p(A1 < By) + p(A1 £# B1) + p(B1 < Ag), we havep(B; < Agfl’) = p(By < A7). An
analogous argument shows tlaedndb are also independent of the causal relation betwgeamdB;.



Using the above, the success probability can be written
Psucc = %p(x =blb" = 0) + %p(y =alb’ =1)
= %p(x =blb" = 0;A1 < B1)p(As < By) + %p(x =blb" = 0; By < A))p(B1 < Ag) + %p(x = blb” = 0; Ay £# B1)p(A1 £# By)
+%p(y =alb’ = 1;A < B)p(A1 < By) + %p(y =alb’ =1;B1 < A)p(B1 < Ag) + %p(y =alb’ = 1; A1 ££ By)p(A1 ££ By)
= (%p(x =blb" =0;A1 < By) + %p(y =ab’ = 1,A < Bl)) P(AL < By)

+ (% p(x=blb’ =0;B; < Ag) + %p(y =ab =1;B; < Al)) p(B1 < A1)

1 1
+ (§ p(x = blb’ = 0; A1 £# By) + Ep(y =ab =1;A £# Bl)) P(AL £# By). (S2)

If A; < By (which impliesB; £ A;), from the transitivity of partial order it follows thak; < b (and thusb £ A;). From
assumptiorCL, x can only be correlated withif b is in the causal past &, thusp(b|x; A; < B:1) = p(b|A; < B1) = % [the last
equality follows from the independencelofrom the causal relations betwe@n and By, together with assumptiofC]. Using
also thatb andb’ are independent, we thus obtgi(k = bjb” = 0;A1 < B1) = p(b=0;x =0’ = 0;A1 < By) + pb=1,x=
1 = 0;A1 < By) = p(b=0x=0;b" =0;A;1 < B)p(x=0b' =0;A < By) +plb=1x=1;b =0;A; < By)p(x=1b" =
0;A; < By) = $p(x = 0lb’ = 0;A; < By) + 3p(x = 1|’ = 0;A; < By) = 3.

If By < As (which impliesA; £ B;), by an analogous argument we obtaiy = alb’ = 1;B; < A1) = % Finally, if Ay £# By,
we have botlp(y = alb’ = 1; A1 £% By) = % andp(x=blb’ = 0; A1 £% By) = % Substituting this in Eq. (S2), we obtain

1 1 1 1 1
Pascs= (3 + 3P/ = b = 1 = Bl)) Pl = By + (—p(x bl = 0:B; < A+ Z) P(B1 < A1) + 3 + 4 s 2 B2

D(Al <Bp)+ p(Bl <Ap)+ D(Al £# By) = (S3)

This completes the proof.

Characterization of process matrices

Here we derive necessary andfatient conditions for a matridv*1A2B1B2 to satisfy
WAlAZBlBZ > 0 (84)
[non-negative probabilitigs
and

Tr [WAAEE: (MAR @ MBI )| = 1, vMA MBIz > 0, TrpMA = 1%, Tr,MB1®2 = 1% (S5)
[probabilities sum up to]1

in terms of an expansion of the matrix in a Hilbert-SchmidtisaA Hilbert-Schmidt basis of (#*) is given by a set of matrices
{a-x}d Ol, with of = 1x, Trofo = dx6, and Tb’x Oforj=1,...d%-1. Ageneral element of (H" @ H* @ H® g H®2)
can be expressed as

A1AB1By _ Al A B B>
W = Z W1y 0 0020 00, Wyyay € C (S6)
uvly

(we omit tensor products and identity matrices wheneveretlie no risk of confusion). Since a process matrix has to be
Hermitian, we consider only the cases

W1y € R. (87)
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We will refer to terms of the fornorf* @ 1°!(i > 1) as of the typeAs, terms such as{* @ o*j* ® 1"°%'(j, j > 1) as of the type
A1 Az, and so on. The properties of a process matrix can be analyfetespect to the terms it contains. For example, terms of
the typeA; B; produce non-signalling correlations between the measem&snterms such &B; correlate Alice’s outputs with
Bob's inputs, yielding signalling from Alice to Bob, etcs dlustrated in Fig. 3. Note that not all terms are compatilith the
condition (S5). We will prove that a matrW satisfies condition (S5) if and only if it only contains thents listed in Fig. 3.

The CJ matrix of a local operation can be similarly writtdf2 = 3, 1,002, 1,,, € R. The condition Tg, MX% = 1%
is equivalent to the requiremenny = Xz, rio = 0 fori > 0. Thus CJ matrices corresponding to CPTP maps have the form

MXXe = []]_ + Z a.o-xZ + Z t”O'XlO'XZ] (S8)

i>0 ij>0
a,tjj eR.

Let us consider first the case of a single party, say, AlicacSthe set of matricdd”*2 > 0 is a substantial set, condition
(S5) can be equivalently imposed on arbitrary matrices @fdhm (S8) and, for a single party, it can be rewritten as

WA []]_ + Z aJO';AZ + Z tijO'ﬁla"jAz]} =1,

i>0 ij>0

1
—Tr
Ay

Y a,tj eR.

Using an expansion of the process matrix in the same basisimitar way, WA*> = hIP w,,vcrﬁlaﬁ\z, W, € R, the above
condition becomes

dAl [W00+ ZWOiai + Z\Nijtij] =

i>0 ij>0
Y a,tj €R,

and one obtaingig = —di » Woi = Wij = 0 fori, j > 0. Thus the most general process matrix observed by a siagig Ipas the
1
form

WhAe = (IL + Z Vior Al), (S9)

i>0
v e R, WA >,

which can be recognized as a state. This result—that allgtitities a single agent can observe are described by qoantu
states—is an extension of Gleason’s theorem from POVMsH3Pto CP maps (note that here the linear structure of quantum
operations is assumed, while in Gleason’s theorem for POWhdsderived from dfferent hypotheses. However, by a similar
argument one could derive linearity for CP maps t0o).

Let us now consider a bipartite process mati B8 = 57\ w0, 000200, .., € R. We have to impose (S5)

B1By
for arbitrary matrices” "2, MB:82 of the form (S8). First, if we fixvB:82 = ]]ﬁT we obtain
2

da, g, [Woooo + Z Woiood; + Z Wijootii] =1

i>0 ij>0
Y oa,tj €R,

. . - .. .. ALAp .
which imposesivggo = m andwoigo = Wijoo = O fori, j > 0. Similarly, by fixingM*z = Jlde we can derivevggg =

Woqj = O fori, j > 0. Finally, imposing (S5) for arbitrary

MAlAZZ []].+Za|O'AZ+Zt|JO'AIO'AZ]

i>0 ij>0

MB1B2 — —(]1+Zbka'k +Zsk|0'k o ],

k>0 k>0



we obtain

Z Woioka; by + Z Woik| 8 Ski

ik>0 ikl>0
+ Z Wijoictij i + Z Wijki tijSa = 0,
k>0 )

Y &, tij, bk, sa € R,

from which we conclude that the most general matrix thasfas (S5) has the form

1
WAlAzsle - (1 + 0_B§A + O_AﬁB + O_AJ{ZB)’

da, dg,

oBA = Z CijO'iAla'?z + Z dijkaiAIO'?la'Ez,
ij>0 ijk>0

o8 = ZajaiAza'?l + Z fijkaiAlo'jAza'El,
ij>0 ijk>0

o8 = Zvia'f‘l + Z XiO'iB1 + Z gija'ﬁla'?l,

i>0 i>0 ij>0

wherecij, dijx, &j, fijk, Gij, Vi, % € R.

This form, together with the condition#25182 > 0, completely characterizes the most general bipartitegg®matrix.

Termsnot appearing in process matrices

The not-allowed terms are listed in Fig. 4, along with pdssibiterpretations. Particularly interesting are the saseolving
terms of the typeAsA;. These would correlate Alice’s output with her input and give unit probabilities for some CPTP
maps that she can choose to perform. This kind of correlatiesemble a “backward in time” transmission of informatione
can imagine that they can be generated by a quantum chamrblie‘inverse order”, from the outpé to the inputA;. It is
worth noting that a recently proposed model of closed tiike-durves [34, 36] can be expressed precisely in this waindJs
our terminology, such a model considers an agent receiwogguantum systems in her laboratory: a chronology-resmgct
systemA and a second syste# which, after leaving the laboratory, is sent back in timehe taboratory’s entrance (see
Supplementary FigS1). This can be described by the process matxAief = oA @ 1% © (U ® Lip* Mg MAUT ® ]L),

wherec? is the state of the chronology-respecting system when érsrihe laboratory an(iJ ® Np* WU ® Jl) is a
process matrix corresponding to a unitahfrom A, to A}, describing the evolution back in time of the chronologgtating
system. (The labeld;, A} represent the two systems entering the laboratory, whilé\, represent the systems going out. Note
that here the two systems belong to the same laboratory agdactn undergo any joint operation.) In this model, prolitds
have to be renormalized in order to sum up to one, which iniced a non-linearity that violates our original assumgifn
particular, as opposed to quantum mechanics, probabilitie contextual in this model, since it is necessary to Spdu
events that did not occur in order to perform the renormttimestep). The same can be said for Deutsch’s model of closed
time-like curves [33], which is also non-linear (althoughises a dierent mechanism to obtain well-defined probabilities) and
thus violates our premise that ordinary quantum mechamitshocally in each laboratory.

Casual order in theclassical limit

Let us now show that in the classical limit all correlatiome aausally ordered. Classical operations can be desdbiped
transition matricesM}k') = P(k, jli), whereP(k, j|i) is the conditional probability that the measurement one¢ is observed
and the classical output std¢és prepared given that the input staté.i¥hey can be expressed in the quantum formalism as CP
maps diagonal in a fixed (“pointer”) basis, and the corredpunCJ matrices ar®l; = > Mgk')li)(ilAl ® |K)(k*2. In order to
express arbitrary bipartite probabilities of classicadigtions, it is sflicient to consider process matrices of the standard form

WAABIE: _ (L+ 0B 4 o78) (S10)

da,ds,



wherea®** ando*#B are diagonal in the pointer basis. Probabilities are sitittig by
P (M. ME) = Tr[WAABE: (% M) (s1)
We will show that any such diagonal process matrix can beevrin the form

1
WALAB1B2 _ A1A2B1 A1B1B2 S12
W AT (S12)

wherep™”2B1 andpB1B2 gre positive semidefinite matrices. This isfgtient to conclude thatvA#2B:8 is causally separable.
Indeed, ifWAA2B1B2 could be written in the form (S12), we know thaft**2Br would not contain Hilbert-Schmidt terms of
the typesA;A; or A, (which are not allowed in a process matrix), since by assiomghese terms are not part WfAA2B182,
Therefore, the matrix

A1A2B1

WBZA — P

o (S13)

which is positive semidefinite, has tradgdg,, and contains only terms of the allowed types, would be a\@iocess matrix
with no signalling fromB to A. Similarly,

A1B1B:
WA,{B_ prabiBe

= WdAdez (S14)

would be a valid process matrix with no signalling fréxo B. The whole process matrix could then be written in the cdysal
separable form

WAIAB1B, _ qufA +(1- q)WA"{B, (S15)
where

TrpAlAz Bl

- S16
9= Gndnde.ds, (S16)

Note that 0< g < 1 sincep™#2B: andp™ B8z in Eq. (S12) are positive semidefinite andWh"2Bi1B2 = dj dg,.

To prove Eq. (S12), we will construpte”28: andp”B182 from the general form in Eq. (S10). Let the minimum eigenealu
of o®A 4+ ¢**B bem. SinceW*2B:1®: s positive semidefinite ana®*” + *#8 is traceless, we hava e [-1,0]. Define the
matrices

KMABL = _m 4 o BRA (S17)
kPBiB2 = ALB (S18)
The full process matrix can then be written
WAlAZBlBZ — ((1 + m):“- + KAlAZBl + I(AIBlBZ) S (819)
da,ds,

wherex®#2Br 4 ABiB: g positive semidefinite.

We are now going to modify#2B1 and«*B:82 by adding matrices of the formf1B: to «~*2B1 and subtracting them from
kBB (therefore leaving””2Br 4+ «"BiB2 ynchanged), until we transform boif2B: and«*1B:8 in Eq. (S19) into positive
semidefinite matrices.

Denote the pointer basis of systetrby [i)X, i = 1,...,dx, X = A1, As, B1, Bo. All matrices we consider are diagonal in the
basis{|iy|j)y*2|k)B:|1yB2}. Letmy(i, j, k, 1) denote the eigenvalues of#2B1 corresponding to the eigenvectdipd?|j)2|k)Br|1)Bz,
and letmy(i, j, k,1) be the eigenvalues af'B:B2 corresponding to the same vectors. For eveapdk, we do the following.
Define

i, k) = minmy(i, j. k1), (S20)
Js

(i, k) = n}iln me(i, . k. 1). (S21)
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Note thatrmy(i, j, k, 1) do not depend ohsincex™*2Br acts trivially onB,, and similarlymy(i, j, k, 1) do not depend ofj. This
means that for givenandk, the minimum of the eigenvalues of2B1 + A1B1B: for all eigenvectors of the tyde | ) 2|k)B1|1)B2
is equal taniy (i, k) + p(i, k). But by constructiom”#2B1 + (ABiB2 s positive semidefinite, so we have

i, K) + Mp(i, K) > 0. (S22)

Now, if both iy (i, k) andrfi(i, k)} are non-negative, we will not modiff**28: and«"15:82. However, if one of these numbers
is negative, sayn;(i, k) < 0 (both cannot be negative due to (S22)), we will add the tefimyi, K)[i)}(i|* ® 1* ® |k)(k|® ® 12

to k~#2B1 and subtract the same term frafiB:82, After this step, the modified™**1 is such that the eigenvalues(i, j, k, I)
have been changed o (i, j, k, 1) — iy (i, K) > iy (i, K) — i (i, k) = 0, i.e. ¥**B1 does not have any more negative eigenvalues
my(i, j, k, 1) for the giveni andk. The same holds far*:B:B2 since the eigenvaluesy(i, j, k, I) change tany(i, j, k, 1) + (i, k) >
fp(i, K) + Ay (i, K) > 0. In other words, the eigenvalues of the modifiédz5: and«”:B:182 satisfy

mui, i,k 1), mo(i, .k 1) > 0, Vj,l. (S23)

By performing this procedure for allandk, we eventually transformfe#2B: and«*B:182 into matrices all of whose eigenvalues
are non-negative. Denote the resultant positive semidefimatrices by”#281 and<™ 582, We can now add the term m)1
in Eqg. (S19) for instance te*™2B: (recall thatm € [-1, 0]), defining the positive semidefinite matrices

pA1A231 = (1 + m)]]_ + ,’“(AlAzBl’ (524)

p/-\1Ble = fuBiBe (S25)

We thus arrive at the desired form (S12) which implies (SE3rgued above.

SUPPLEMENTARY REFERENCES

52. Gleason, A. M. Measures on the closed subspaces of artfifiece J. Math. Mech6, 885-893 (1957).
53. Caves, C. M., Fuchs, C. A., Manne, K. K. & Renes, J. M. GlaaBype Derivations of the Quantum Probability Rule for
Generalized Measuremeniaund. Phys34, 2, 193-209 (2004).



